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The Galbrun equation, a nonstandard wave equation, was established by H. Gal-
brun in the early 1930s. It is often used to study sound propagation in flows and has
been investigated in many ways. One of the important aspects of these investigations
is the development of the numerical methods, most of which are focused on using the
finite element method. A few works have been done on the spectral element method.
In this paper, we consider the initial- and Dirichlet boundary-value problem for the
generalized Galbrun equation. Precisely, we develop a numerical method based on the
classical Newmark’s schema in time and a spectral element discretization in space. For
the continuous problem, we study the existence, uniqueness and stability properties of
the solution. For the semi-discrete approximation, we prove the stability of the scheme
and derive an error estimate. From the estimate, it is seen that the accuracy of the
spectral element approximation is spectral. For the full-discrete approximation, the
stability of the numerical solution is obtained. Finally, several numerical examples are
provided to confirm the theoretical analysis.




























同的技巧（如FEM 结合边界元法 [6–10]，wave-envelope 元技巧 [11–14]和dual reciprocity







它。例如，Nayfeh 等 [16]以及Uenishi和Myers [17]提出了一个数值方法，用于解决声波在
































































































令Ω是R2中的一个有界开区域，其边界∂Ω = Γ是Lipschitz 连续的。Ω中的任意点




(x, t)−∇(divu) = f(x, t), (x, t) ∈ Ω× (0, T ), (2-1)
初始条件：
u(x, 0) = u0(x),
∂u
∂t
(x, 0) = u1(x), x ∈ Ω, (2-2)
边界条件：










H1(div,Ω) = {v ∈ L2(Ω)2, divv ∈ L2(Ω)}.
再定义V空间：


























为了简便，我们用A . B表示存在一个与A，B无关的常数c满足A ≤ cB。
假设对∀ t ∈ (0,T)，f ∈ L2((0,T) × Ω2)，u0 ∈ V，u1 ∈ L2(Ω)2，则问题(2-1)-
(2-3)的变分形式为：寻找u : (0, T ) → H1(div,Ω)，使得对∀ t ∈ (0, T )，在边界Γ满




,v) + a(u,v) = (f ,v), ∀v ∈ V, (2-4)
其中









‖f‖2dt+ ‖∇ · u0‖2 + ‖u1‖2. (2-5)
证明：显然双线性算子a(·, ·)是对称的；并且易证得该双线性算子满足弱强制性和连
续性，即存在常数α > 0和λ > 0，使得：
弱强制性: a(v,v) + λ‖v‖2 ≥ α‖v‖21, ∀ v ∈ V, (2-6)




















































































‖∇ · u(τ)‖2 + ‖∂u
∂t
(τ)‖2




























设{ξj}Nj=0为定义在标准区间Λ := (−1, 1)上的GLL点，即是方程(1 − x2)L
′
N(x) =






Φ(ξj)ρj, ∀ Φ ∈ P2N−1(Λ),
其中PN(Λ)是定义在Λ上的阶数不超过N的多项式空间。
为了使分析尽可能简单,我们把计算区域Ω取为标准区域Ωref = (−1, 1)2。给定
一个正整数M，对区域Ω进行匹配网格剖分，即将Ω剖分成不重合的正方形的子区








其中，Ω̂表示标准区间：(−1, 1) × (−1, 1)。令Ωk = (ak, a
′




k − ak =
b
′
k − bk = h，那么Fk表示：
r = (r1, r2) = F




2 (x2)) = (2
x1 − ak
h
− 1, 2x2 − bk
h
− 1).
记(ξi, ξj), i, j = 0, · · · , N，为标准区域Ω̂上的GLL积分点，那么Ωk中对应的GLL积
分点可表示为：ξkij ≡ (ξk1,i, ξk2,j) = (Fk)−1(ξi, ξj)。又记ρi, i = 0, · · · , N，为一维区







, ρk2,j = ρj
h
2
















PN,K(Ω)2 = {Φ ∈ L2(Ω)2; Φ|Ωk ∈ PN(Ωk)2, 1 ≤ k ≤ K},
在这里，PN(Ωk)表示Ωk上关于各个变量的阶数不超过N的多项式空间。今后，我们使
用记号N表示离散参数对(K,N)。逼近空间VN取为：
VN = V ∩ PN,K(Ω)2.
记G为所有全局GLL点的集合，即：G = {ξkij |ξkij ∈ Ω̄, i, j = 0, · · · , N ; k =
1, · · · , K}。





ij), ∀ ξkij ∈ G。插值算子IN具有如下估计 [31–33]:
‖v − INv‖1 . hmin(N+1,s)−1N1−s(|v|s + |div v|s), (3-1)
‖v − INv‖ . hmin(N+1,s)N−s(|v|s + |div v|s), (3-2)
其中v ∈ Hs(Ω)2和 div v ∈ Hs(Ω), s ≥ 1。








,v)N + aN (uN ,v) = (f ,v)N , ∀v ∈ VN , (3-3)
其中
(uN ,v)N := (u1N , v1)N + (u2N , v2)N ,














记{lk1,i ; i = 0, · · · , N}为定义在GLL点{ξk1,i ; i = 0, · · · , N} 上的Lagrangian多项
式，而{lk2,j ; j = 0, · · · , N}为定义在GLL点{ξk2,j ; j = 0, · · · , N}上的Lagrangian多项
式。VN空间中的对应于点ξ
k
ij ∈ G的Lagrangian 全局基函数可构造如下：
lkij(x1, x2)|Ωl =

















MN üN (t) +KNuN (t) = FN (t), (3-4)
其初始条件是：
uN (0) = u0, u̇N (0) = u1.
其中u0（u1）是u0(x)（u1(x)）在G中的点的节点值向量；uN (t), ∀ t ∈ (0, T )表示：
uN (t) := [u1N (t),u2N (t)]
T ,










M = {(lk1,ilk1,j, lk1,mlk1,n)N , ξkij, ξlmn ∈ G},
K1 = {((lk1,i)′lk1,j, (lk1,m)′lk1,n)N , ξkij, ξlmn ∈ G},
K2 = {(lk1,i(lk1,j)′, (lk1,m)′lk1,n)N , ξkij, ξlmn ∈ G},
K3 = {((lk1,i)′lk1,j, lk1,m(lk1,n)′)N , ξkij, ξlmn ∈ G},
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